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Abstract：［Objectives］The purpose of this paper is to study the way to establish finite element models with real
geometric defects，and to predict and analyze the bearing capacity of a scale down pressure- resisting cylindrical shell
structure based on different types of defects.［Methods］Therefore，a geometric defect extraction method based on
quadratic transformation is proposed，then the method of introducing the measured initial geometric defect，which is
expressed by double Fourier series，is established. Finally，the buckling capacity of scale down pressure-resisting
cylindrical shell under external pressure is analyzed and obtained based on eigenvalue modal defect and measured
defect.［Results］The results indicate that Fourier series method only involves traversing of grid nodes and calculation
of a few function values and can significantly improve the calculation efficiency of defect introduction without reducing
the accuracy of calculation.［Conclusions］ Fourier series method can provide guidance for accurate analysis of
ultimate bearing capacity of cylindrical shell structure and structural optimization design.
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0 Introduction

In engineering structure, the cylindrical shell is
widely applied, but it has obvious sensitivity to im⁃
perfections, leading to a great reduction and a
large-range discrete distribution of buckling load. In
actual engineering, the initial geometric deflects will
inevitably occur in the production and transportation
of cylindrical shell structure [1], which has a great in⁃
fluence on the bearing capacity of cylindrical shell
structure, so it is necessary to analyze the bearing ca⁃
pacity of cylindrical shell based on the measured geo⁃
metric deflects.

Related studies on this problem have been carried
out abroad for a long time. By comparing the theoreti⁃
cal and experimental results, Southwell [2] observed

that the measured buckling loads are always much
smaller than the theoretical value of corresponding
model. Von Karman and Tsien [3] proposed a more
general solving method for post-buckling of cylindri⁃
calshells by solving the nonlinear large-deflection
equation of cylindrical shells. Koiter [4] first proposed
the perturbation theory to study and analyze the ini⁃
tial post-buckling path of linear elastic structure.
Donnell and Wan [5] introduced the geometric de⁃
flects of cylindrical shell into the post-buckling anal⁃
ysis, and the calculated critical buckling load is
much lower than that of the perfect/improved shell.
To solve the buckling problem of thin cylindrical
shell structure, some Chinese scholars have carried
out a theoretical study on the solving method of
large-deflection equation[6] and elastic-plastic buck⁃
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ling of thin cylindrical shell [7-8]. The above studies
show that in the case of initial imperfections, the ulti⁃
mate bearing capacity of cylindrical shell is obvious⁃
ly different from the experimental results, and the ex⁃
perimental results have large random discreteness.
Initial imperfections of the shell include initial geo⁃
metric deflects, shell thickness imperfections, and
load imperfections. However, there are many kinds
of real imperfections, which have gone beyond the
scope of classical geometric deflects. However, the
non-classical geometric deflects lead to more com⁃
plex and variable factors affecting the critical buck⁃
ling load of the structure, thus greatly increasing the
difficulty of shell structure design. Other common im⁃
perfections include the linear buckling mode imper⁃
fection (LBMI), axial symmetry imperfection (ASI),
and measured imperfection (MI). Among them, LBMI
is widely applied in the field of civil engineering for
the buckling analysis of thin shell structures such as
oil tanks with wind load, cooling towers with axial
compression, and carrier rockets. In addition, LBMI
is also utilized in the reduction stiffness analysis.
One of the reasons why LBMI is widely applied is
that it is easy to obtain the imperfections using the
general finite element (FE) software for the linear
buckling analysis of structure. ASI is now more com⁃
monly used for the comparative analysis of imperfec⁃
tion sensitivity. MI is mainly to obtain the point
cloud data of surface morphology for shell structures
by contact or non-contact measurement methods and
to introduce the imperfection into the FE analysis. In
the field of MI study, Arbocz and Abramovich [9] have
made great contributions to the establishment of the
initial imperfection database.

The study of the nonlinear buckling theory and the
ultimate bearing capacity analysis of underwater
ring-stiffened cylindrical shell structure under se⁃
vere running conditions started relatively late in Chi⁃
na. Not only the analysis method is single, but also
the accuracy is insufficient, and the test data are rela⁃
tively scarce, especially in the analysis of structural
bearing capacity involving the measured initial geo⁃
metric deflects. Therefore, in this paper, the initial
geometric deflects of the shell are firstly extracted
based on the quadratic transformation method to
measure the initial geometric deflects of cylindri⁃
calshells. Then the FE model is reconstructed using
the double Fourier series method to analyze the ef⁃
fect of initial geometric deflects on the external pres⁃
sure bearing capacity of cylindrical shell. Finally,
the differences in the calculation accuracy and effi⁃

ciency between the two reconstruction methods for
FE models are compared and analyzed.
1 Measurement and expression of

geometric deflects

In this paper, the 3D topography results of the sur⁃
face of samples are obtained using 3D topography
measurement system, and the point cloud form is
shown in Fig. 1. However, in the actual application
of these point cloud data, the measurement coordi⁃
nate system of point cloud data is not consistent with
the coordinate system of simulation modeling of the
sample. Therefore, the coordinate transformation is
also required to obtain the expected spatial position,
as shown in Fig. 2.

Although the overall topography point cloud infor⁃
mation of the cylindrical shell surface can be ob⁃
tained based on 3D topography measurement system,
characteristic parameters including the radius of cy⁃
lindrical shell and axial direction cannot be directly
obtained. Therefore, in this paper, the overall topog⁃
raphy point cloud information of the cylindrical shell
surface output by 3D topography measurement sys⁃
tem is firstly fitted using the least square method,
and the general equation of the quadratic surface is
obtained. Then the measurement coordinate system
of the point cloud is transformed into the standard
reference coordinate system adopted for FE model⁃
ing by the orthogonal transformation. In addition, the

Fig.1 3D topography data acquired from 3D measurement
system
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Fig.2 Expected spatial position of 3D topography data
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fitted value of cylindrical shell diameter can be ob⁃
tained directly by analyzing the quadratic coeffi⁃
cients.

Fig. 3 shows the coordinate systems adopted in
this paper. O - XYZ is the measurement coordinate
system; O′ - X′Y′Z′ is the standard coordinate sys⁃
tem (modeling coordinate system); O′ - rθy ( rθy

refers to the radial direction, circumferential direc⁃
tion, and axial coordinate respectively) is the coordi⁃
nate system of the standard cylindrical shell. In the
figure, A is the customized calibration point. In this
paper, the intersection point of the first quadrant and
the lower end face of the external surface of the cylin⁃
drical shell is taken.

In the measurement coordinate system, the cylin⁃
drical shell can be described by the general ternary
quadratic surface equation, i.e.,
F(xyz) = a11x2 + a22 y2 + a33 z2 + 2a12 xy + 2a13 xz +

2a23 yz + 2a14 x + 2a24 y + 2a34 z + a44 = 0 （1）
The matrix form is written as

F(xyz) = X T AX + 2bX + a44 = 0 （2）
where
A =

é

ë

ê
êê
ê

ù

û

ú
úú
ú

a11 a12 a13

a21 a22 a23

a31 a32 a33

X = (x  y  z)Tb = (a14  a24  a34)

where A is the symmetric matrix of the characteris⁃
tic coefficient of the quadratic equation; X is the in⁃
dependent variable matrix, b is the one-degree
term coefficient vector; a11 - a33 are the coefficients;
a44 is the constant term.

Through the cross calculation of coordinate val⁃
ues, the solution of the ternary quadratic surface
equation shown in Eq. (1) can be transformed into
the problem of multiple linear fitting. In the fitting
process, the coefficient matrix of the quadratic equa⁃
tion is obtained by the least square method. Since A

is a real symmetric matrix, there is an orthogonal ma⁃
trix R0 .

R0
T AR0 = Λ （3）

where Λ is the diagonal matrix.
Further, Eq. (2) can be transformed into Eq. (4) in

the standard coordinate system.
F(xyz) = X ′T ΛX ′ + 2cX ′ + a44 = 0

where
X = R0 X ′ c = bR0 （4）

where c is the one-degree term coefficient vector.
The general equation of the quadratic surface is

transformed into the standard equation through the
orthogonal transformation [10]. The transformation
eliminates the cross term between coordinate compo⁃
nents and aligns the direction of the measurement co⁃
ordinate system with the standard coordinate system
by correcting the additional feature points, so as to
keep the surface shape unchanged at the same time.

The point cloud in the standard coordinate system
is transformed into the coordinate system of standard
cylindrical shell, and the distance (off-plane dis⁃
placement w ) between scattered points in the topog⁃
raphy point cloud and the fitting surface is calculat⁃
ed, as shown in Fig. 4. The off-plane displacement
field w(xy) contains the initial geometric deflect
information of the shell, which is also the data foun⁃
dation for subsequent studies. In the figure, θ is the
circumferential angle; W̄ is the normalized dimen⁃
sionless off-plane displacement W̄ (xy) = w(xy)/t ;
t is the thickness of cylindrical shell); L is the nomi⁃
nal length of the cylindrical shell.

The real imperfections of cylindrical shell struc⁃
ture have a great effect on the structural bearing ca⁃
pacity, which is a hot spot and difficulty for studies
over the years. Scholars all over the world usually ex⁃
pand the real imperfections of cylindrical shell
[off-plane displacement field w(xy) ] into a double
Fourier series of half-wave cosine or half-wave sine.

In the coordinate system of finite element, the dou⁃
ble Fourier series of half-wave cosine and half-wave

Fig.4 Scattered points diagram of initial geometric defects in
cylinder coordinate system
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Fig. 3 Definition of the coordinate systems in this paper
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sine are respectively expressed as

w(xy) = t × W̄ (xy) =

t*å
k = 0

n1

å
l = 0

n2

cos kπx
L

(Akl cos
ly
R
+ Bkl sin

ly
R

) （5）
w(xy) = t × W̄ (xy) =

t*å
k = 0

n1

å
l = 0

n2

sin kπx
L

(Ckl cos
ly
R
+ Dkl sin

ly
R

) （6）
where R is the nominal radius of cylindrical shell;
Akl and Bkl are Fourier series coefficients of
half-wave cosine; Ckl and Dkl are Fourier series co⁃
efficients of half-wave sine; k and l refer to axial
half-wavenumber and circumferential full wavenum⁃
ber respectively; n1 and n2 are the number of double
Fourier series.
2 Bearing capacity analysis of cy-

lindrical shell under axial com-
pression

In order to obtain the actual buckling load of cylin⁃
drical shell, it is necessary to introduce the mea⁃
sured geometric deflects into the FE model, so as to
reconstruct the perfect model into the FE model with
measured geometric deflects. The reconstruction
methods of the FE model include the FE model cor⁃
rection method based on the scattered points and FE
model reconstruction method based on the Fourier
series function. The latter is called the Fourier series
method in this paper, which introduces MI in the
form of the Fourier series. Specifically, the measured
geometric deflects are expressed in the form of Fouri⁃
er series, and then the Fourier series is introduced in⁃
to the FE model to modify node coordinates, so as to
introduce the measured geometric deflects.

Firstly, in this paper, the point cloud information
in the cylindrical shell coordinate system shown in
Fig. 4 is interpolated by the weighted interpolation of
inverse distance, and the off-plane displacement dia⁃
gram in grille form is obtained as shown in Fig. 5.
Thus, the off-plane displacement field is expressed
as the form of 2D matrix.

Then, the two-dimensional matrix is periodically
extended and filtered by Gaussian filter in order to
reduce the interference of measurement noise, and
the off-plane displacement results after Gaussian
noise reduction are shown in Fig. 6. In the figure, the
black dots are the original scattered data. Fig. 6
shows that the off-plane displacement field in grille
form and after noise reduction can well reflect the
measured topography represented by the original
scattered points.

Finally, the obtained Fourier series coefficients
Akl and Bkl of half-wave cosine are saved in file
form, and Python script is written to read the coeffi⁃
cients. MI is introduced in the ABAQUS FE model
using the Fourier series represented by the coeffi⁃
cients, so as to realize the reconstruction of the FE
model with MI. Fig. 7 shows the reconstructed FE
model, and the amplitude of MI is magnified by 30
times in consideration of the display effect.

2.1 Numerical analysis of bearing
capacity of the perfect model

The perfect model presented in this paper refers to
the improved cylindrical shell model without MI.
The nominal radius R of the perfect cylindrical shell
model is the fitting radius obtained by the feature ex⁃
traction of the measured topography of the actual

Fig.5 Off-plane displacement diagram in grille form of
cylindrical shell
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Fig.6 Off-plane displacement diagram of cylindrical shell after
Gaussian noise reduction
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structure. Fig. 8 shows the boundary conditions and
loads of the model.

In Fig. 8, the bottom of model is a fixed support to
restrict three linear displacements and three rotation⁃
al degrees of freedom of the nodes on the bottom
frame of the model. The upper end only loosens the
axial displacement degree of freedom and restricts
the other five degrees of freedom. The uniformly dis⁃
tributed pressure load is applied to the external sur⁃
face of model, and the axial load is applied to the
end face in consideration of the nonlinear deforma⁃
tion of structure. The mesh size is set reasonably
through the mesh convergence analysis, and the bi⁃
linear elastic-plastic model is used for material prop⁃
erties.

The calculation results show that the FE model of
the perfect cylindrical shell has the ultimate bearing
capacity Pperfect = 0.835 7 (the normalized dimen⁃
sionless pressure load based on the theoretical ulti⁃
mate bearing capacity, the same below), and the dis⁃
placement– loading curve is shown in Fig. 9. As can
be seen from Fig. 9, the OA segment is the linear
pre-buckling stage of cylindrical shell, and the bear⁃
ing capacity increases linearly with the increase in
displacement-load. Local shell buckling occurs
when the maximum value is reached at point A (criti⁃
cal instability state). As the displacement-load con⁃
tinues to increase, the bearing capacity gradually de⁃
creases and becomes stable at point B (a large defor⁃
mation state after collapse).
2.2 Approximate analysis of mode

imperfection

Since the initial geometrical imperfections in
mode or shape-like modes have a great effect on the
critical buckling load of the structure under axial
compression, the mode imperfection approach is also
one of the important methods used in the prediction
and analysis of the bearing capacity of the cylindri⁃

cal shell structure. This method mainly aims at the
structure whose initial imperfection form is not very
clear, and we usually use the first-order mode of the
structure to simulate the initial geometric deflects of
the structure. Because the results of this method are
not always in good agreement with the experimental
data, it is generally used to calculate the lower limit
bearing capacity of the structure.

Here, the FE model of cylindrical shell in Section
2.1 is used to apply the normalized displace⁃
ment-load to the model, and the linear buckling
analysis step is established. To introduce the buck⁃
ling mode imperfections, the INP file of linear buck⁃
ling analysis is modified to increase the output of the
nodal displacement vector. After the linear buckling
analysis, a new Riks analysis step is built and a com⁃
mand is added to the corresponding INP file to intro⁃
duce the results of linear buckling analysis, and then
the calculation of ultimate bearing capacity is start⁃
ed. Related processes and commands are as follows.

1) Before the linear buckling analysis, the follow⁃
ing commands are added to the INP file. After the
calculation, a file with the extension fil will be gener⁃
ated in the working directory, which will be used in
the next step.

*Node File
U，

2) The mode imperfection file of the previous step
is introduced using the following commands:

Imperfection，file=FileName，
Step=StepNumber

1，ScalingFactor
where the FileName is the filename (without the ex⁃
tension) of the previous fil file. StepNumber must be
the same as that in the model of the previous step,
and ScalingFactor is usually 1.

Fig.8 Boundary conditions of cylindrical shell FE model
Fig.9 Displacement-loading curve of perfect cylindrical shell
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3) Load under axial external pressure is applied,

calculated and analyzed.
First-order local mode imperfection and first-or⁃

der global mode imperfection as shown in Fig. 10 are
introduced with the imperfection amplitude of 0.2t
and 0.002 5R respectively, and the displace⁃
ment-loading curves of cylindrical shell are ob⁃
tained as shown in Fig. 11.

As can be seen from Fig. 11, the OA segment is in
the linear pre-buckling stage, and the bearing capac⁃
ity of cylindrical shell has a basically linear relation⁃
ship with displacement-load. With the increase in
the displacement-load, the cylindrical shell enters
into the nonlinear post-buckling stage (AB segment),
in which the bearing capacity of cylindrical shell al⁃
so has a basically linear relationship with the dis⁃

placement-load, but the static stiffness of structure
obviously decreases. As the generalized displace⁃
ment increases, the maximum bearing capacity P local

and Pglobal of cylindrical shell decrease to 0.812 5
and 0.685 3 respectively, and then the shell buck⁃
ling occurs, and the shell deformations caused by
these two mode imperfections have certain differences.
2.3 Approximate analysis of MI

Because MI truly reflects the initial geometric de⁃
flects of cylindrical shell structure, the ultimate bear⁃
ing capacity analysis based on the MI of structure
can predict the ultimate bearing capacity very accu⁃
rately. The method used in this paper is the mea⁃
sured imperfection approach (MIA).

Here, the same FE model as that in Section 2.1 is
adopted. The topography of cylindrical shell is mea⁃
sured, analyzed and expressed using the topography
measurement method for large cylindrical shell struc⁃
tures. The MI is introduced through the FE model
correction method based on scattered points or Fouri⁃
er series function, and the FE model of cylindrical
shell with MI as shown in Fig. 7 above is obtained.

According to the results of the ultimate bearing ca⁃
pacity analysis of FE model of cylindrical shell using
the scattered point method and Fourier series meth⁃
od, the ultimate bearing capacity PPoint and PFourier

of cylindrical shell obtained by the two methods are
0.824 2 and 0.823 8 respectively in consideration
of MI, as shown in Fig. 12. As can be seen from
Fig. 12, the results calculated by the scattered point
method and Fourier series method are almost identi⁃
cal. In the OA segment, the cylindrical shell is in the
linear pre-buckling stage, and the bearing capacity
increases linearly with the increase in the displace⁃
ment-load. Local buckling occurs when the maxi⁃
mum bearing capacity reaches 0.824 2. In the nonlin⁃
ear post-buckling stage (AB segment), the structure
gradually changes from the local buckling to the cir⁃
cumferential buckling of intercostal shell, and the
bearing capacity decreases to about 0.4.
2.4 Comparison of two reconstruction

methods

The same MI is introduced using the two FE mod⁃
el reconstruction methods, namely the scattered
point method and Fourier series method. The ulti⁃
mate bearing capacity is analyzed after the FE model
of cylindrical shell is reconstructed, and the perfor⁃
mance comparison of the two reconstruction methods

（a）First-order local mode imperfection

（b）First-order global mode imperfection
Fig.10 The first-order mode defects of cylindrical shell

Fig.11 Displacement-loading curves of cylindrical shell FE
model considering mode defects
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is shown in Fig. 13. In the figure, the solid lines rep⁃
resent the buckling loads (normalized dimensionless
results) of cylindrical shells with different mesh sizes
determined by the two methods, and the dotted lines
represent the time cost by the two methods to intro⁃
duce the imperfections. Fig. 13 shows that there is al⁃
most no difference in buckling loads of cylindrical
shell with different mesh sizes determined by the two
methods, and the process of introducing imperfec⁃
tions by the scattered point method takes much lon⁃
ger than using Fourier series method. With the in⁃
crease in the mesh number, the time of introducing
imperfections increases exponentially, and the differ⁃
ence between the two is more obvious. The maximum
time consumption of Fourier series method is 48% of
that of the scattered point method, and the average
time consumption is 32% of that of the scattered
point method. It can be seen that the overall compu⁃
tational efficiency of the Fourier series method is
higher than that of the scatter point method. It can
be seen that the overall computational efficiency of
Fourier series method is higher than that of the scat⁃
tered point method.

3 Conclusions

In this paper, the numerical analysis is carried out
on the bearing capacity of cylindrical shell under ex⁃
ternal pressures with initial geometric deflects, and
the main conclusions are as follows:

1) The orthogonal transformation based on quadrat⁃
ic form and the initial geometric deflect expression
method of Fourier series can solve the problem of dis⁃
unity from measurement coordinate system to model⁃
ing coordinate system, thus forming the FE model re⁃
construction method based on the measured geomet⁃
ric deflects.

2) The computational efficiency of Fourier series
method is significantly higher than that of the scat⁃
tered point method, which can save at least 52% of
time in the imperfection introduction process, and
the efficiency advantage will be more obvious with
the increase in the computing scale.

3) The ultimate bearing capacity of cylindrical
shell based on mode imperfection is more conserva⁃
tive than that based on MI, and it can be used as the
lower limit value of ultimate bearing capacity. How⁃
ever, MI is the combination of various mode imper⁃
fections, and the ultimate bearing capacity of cylin⁃
drical shell based on MI is closer to the actual value,
which can provide guidance for the accurate analysis
of ultimate bearing capacity and optimization design
of cylindrical shell structure.

4) The ultimate bearing capacity of cylindrical
shell is more sensitive to the local mode imperfec⁃
tions than the global mode imperfections. In the pro⁃
cess of construction, the shape misalignment of inter⁃
costalshells caused by welding deformation and man⁃
ufacturing should be strictly controlled to ensure the
bearing capacity of cylindricalshells.
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基于实测几何缺陷的圆柱壳外压
承载能力分析

王伟 1，朱时洋*2，和卫平 2

1 海军驻葫芦岛地区军事代表室，辽宁 葫芦岛 125004
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摘 要：［目的目的］为研究含真实几何缺陷的有限元模型建立途径，并基于不同类型缺陷对某缩比耐压圆柱壳结

构的承载性能进行预测分析，［方法方法］提出基于二次型变换的几何缺陷提取方法，利用双重傅里叶级数表达实测

初始几何缺陷，建立实测初始几何缺陷的引入方法。根据特征值模态型缺陷和实测缺陷，分别分析获得的缩比

耐压圆柱壳的外压屈曲承载能力。［结果结果］结果显示，傅里叶级数法在不降低计算精度的前提下仅涉及网格节点

的遍历和少量函数值的计算，使缺陷引入的计算效率得到显著提高。［结论结论］傅里叶级数法能够为圆柱壳结构极

限承载能力的精确分析及结构优化设计提供指导。

关键词：圆柱壳；承载能力；几何缺陷；傅里叶级数
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高硬度聚脲涂覆FRC复合结构
抗冲击性能试验分析

赵鹏铎*1，贾子健 1，2，王志军 2，张磊 1，徐豫新 3，张鹏 1，2

1 海军研究院，北京 100161
2 中北大学 机电工程学院 ，山西 太原 030051

3 北京理工大学 爆炸科学与技术国家重点试验室，北京 100081

摘 要：［目的目的］为了分析玻璃纤维—芳纶（FRC）底材涂覆硬质聚脲的复合结构的抗冲击性能，［方法方法］采用口

径 12.7 mm 的弹道枪进行破片冲击加载，得到破片的弹道极限速度，分析获得不同工况下复合结构靶板的极限

比吸收能。在此基础上，结合靶板的宏观破坏形貌，讨论 2种不同聚脲涂覆复合结构的抗冲击性能的优劣性，并

与软质聚脲涂覆复合结构进行对比，以验证涂覆硬质聚脲复合结构的最佳抗冲击性能。［结果结果］研究表明，作为

背弹面涂层时，软质聚脲涂覆复合结构的抗冲击性能较好；作为迎弹面涂层时，硬质聚脲涂覆复合结构的抗冲

击性能较好；两种聚脲涂层作为迎弹面的复合结构抗冲击性均优于背弹面和双面复合结构。［结论结论］在一般工程

应用防护中，选用高硬度聚脲材料作为迎弹面涂层的防护效果更好。

关键词：抗爆抗冲击；复合材料；高硬度聚脲；软质聚脲；防护结构；弹道极限速度
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