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0 Introduction

The vibration generated by the operation of a

ship's mechanical equipment forms complex low-

frequency line spectrum noises in seawater [1], and

this type of noise is the major target feature for anti-

submarine equipment to detect. Active vibration iso-

lation is able to effectively suppress low-frequency

vibration, and many relevant studies have been car-

ried out at home and abroad [2-4].

In the algorithm field, the conventional filter-X

least mean square (FXLMS) algorithm has been ex-

tensively used [5] because of its simple structure and

easy implementation. However, it is difficult for

this algorithm to achieve effective control in the

case of complex multi-line spectrum excitation. For

this reason, Zhao et al. [6] proposed a frequency-

selective active control algorithm that achieved the

control of multiple line spectra by constructing a

two-level orthogonal filter structure. Li et al. [7] put

forward a multi-channel narrow-band Fx-Newton

control algorithm that used a band-pass filter to ex-

tract multiple line spectra for separated control. Gao

et al. [8] presented a variable-step adaptive wavelet
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packet algorithm, which decomposed the collected

signal into different frequency bands to achieve

multi-frequency signal control. However, the afore-

mentioned algorithms all rely on reference signals

with precise frequencies. Engineering problems

such as difficult sensor installation and channel cou-

pling make it difficult to collect reference signals or

produce errors in such signals, i.e., reference signal

mismatch, thereby influencing the control effect. In

response, Zhang et al. [9] proposed a scheme for ob-

taining signal frequency by measuring the signal au-

tocorrelation sequence. Zhai et al. [10] suggested the

use of the fast Fourier transform (FFT) method for

signal spectrum estimation. Nevertheless, these al-

gorithms all face the problem of large estimation er-

rors, making it difficult to synthesize reference sig-

nals with a high signal-to-noise ratio (SNR). Stud-

ies show that frequency estimation methods based

on adaptive notch filters can be employed for accu-

rate line spectrum control and that their band-

notched characteristics are suitable for this applica-

tion [11-13].

In light of the above studies, this paper proposes

a multi-line spectrum feedback control algorithm

based on adaptive notch filters. Specifically, the er-

ror signal passes through cascaded adaptive notch

filters, and the notch filter parameters are updated

according to the adaptive algorithm to estimate mul-

tiple signal frequencies. Phase compensation is per-

formed, and each reference signal is synthesized.

Then, the Hilbert transform is applied to the signal

to obtain another reference signal. Finally, the sig-

nals enter the parallel controllers for amplitude up-

date and the suppression of multi-line spectrum vi-

bration, thereby solving the problem of reference

signal mismatch.

1 Multi-line spectrum feedback
control algorithm

1.1 Principle of notch filter

A notch filter is a special band-stop filter that can

be used to strip specific frequency components, and

it exhibits a minor impact on other frequency com-

ponents. Fig. 1(a) shows its amplitude-frequency

characteristics. The structure of a notch filter can

usually be expressed by a second-order infinite im-

pulse response (IIR) filter with a transfer function of

(1)

where a is a parameter related to the normalized

notch frequency; r is a constant smaller than but

close to 1 that affects the 3 dB notch bandwidth. In

particular, a larger r results in a narrower notch

opening, i.e., a smaller 3 dB bandwidth and a better

effect. The variation of notch amplitude (the ampli-

fication factor of the notch filter) with r is shown in

Fig. 1(b).

Fig. 1 Structure of IIR notch filter

Two basic conditions need to be satisfied to

achieve notch: The zeros of the transfer function

have to be on the unit circle so that the trap depth at

the notch frequency is infinite; the poles of the func-

tion should match the zeros in the way that other

frequency components are not affected. The zero-

pole distribution is shown in Fig. 1(c), and the rela-

tionship between a pole-zero pair pi and zi is

(2)

It is assumed that there is a pair of conjugate ze-

ros at the angles of ±ω0 traveled per unit

time on the z-plane. According to Eq. (2),

can be obtained, and its transfer func-

tion can be expressed as

(3)

Matching the coefficients of Eq. (1) and Eq. (3)

(a) Amplitude characteristics of notch filter
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leads to

(4)

1.2 Frequency estimation

According to the relationship between the rele-

vant parameter a of the transfer function of the

notch filter and the angular frequency ω0 in Eq. (4),

a specific frequency can be identified and extracted

by setting a. For no influence of the upper-level

notch filter's estimation error on lower-level fre-

quency estimation, the error εi(n) of the notch filter

at each level is employed to regulate the parameter

ai(n) (n is the number of iterations) of its transfer

function to ensure an accurate estimation of the ex-

citation frequency. The structure of the N-level cas-

caded adaptive notch filters is shown in Fig. 2, in

which k is the k-th notch filter and vi(n) is the input

signal for the notch filter of each level.

Adaptive
algorithm

Adaptive
algorithm

Adaptive
algorithm

Fig. 2 Structure of N-level cascaded adaptive notch filters

According to the adaptive algorithms, the itera-

tive formula can be written as follows.

(5)

where µi is the iteration step size; is the gradi-

ent operator for the mean square error expressed as

(6)

According to the input-output relationship inEq. (1),

the following equation can be obtained:

(7)

Expanding Eq. (7) leads to

(8)

The partial derivative of Eq. (8) with respect to

ai(n) is solved to obtain the following equation:

(9)

The formulae for line spectrum frequency (LSF)

estimation can be obtained by combining Eq. (5)

through Eq. (9)

(10)

(11)

1.3 Narrow-band line spectrum control
algorithm

Hard reference signal collection and large SNR

are adverse to the employment of the feedback algo-

rithm or effective vibration control. The response of

a linear time-invariant (LTI) system (the primary

channel P(z) is an LTI system) is characterized by

frequency retention when an excitation signal pass-

es through it. Therefore, adaptive control can be

achieved by extracting frequency information from

error signals on the basis of a feedback control

structure.

The proposed algorithm is shown in Fig. 3. This

algorithm means to pass the error signal through

cascaded adaptive filters and output ai(n), which

then enters the signal synthesizer. In this algorithm,

phase is also crucial to the implementation of vibra-

tion control. In the case of an error with respect to

the phase of the reference signal, the control effect

of the algorithm is poor or even invalid, and phase

compensation should thus be applied to the synthe-

sized signal. The reference signal xi1(n) is adjusted

by the second-order autoregressive model[14], i. e.,

Eq. (12) is employed to estimate the phase of an un-

known reference signal.

(12)

Meanwhile, the Hilbert transform is applied to

the reference signal xi1(n) to obtain another refer-

ence signal xi2(n)

(13)

where Hilbert transform H[xi1(n)], an LTI system

with an impulse response of h(t)=1/πt, is an all-pass

filter that achieves a 90° phase shift and is suitable

for narrow-band signals; τ is the integral variable.

The two synthesized reference signals enter the

control filter respectively for amplitude update, and

the output signal is expressed as

(14)

where wi1(n) is the weight coefficient vector of the i-

th controller.

The total output of each control unit is

(15)

The residual signal e(n) is

(16)

where d(n) is the desired signal; sj stands for the M-

order coefficient of the real secondary channel.

In practice, the transfer characteristics of the sec-

3
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ondary channel are unknown, and hence offline

identification is required for the secondary channel

before control. The filter is modeled through finite

impulse response (FIR) with the same M-order coef-

ficient for estimation, and the obtained identifica-

tion model is as follows

(17)

where is the identified characteristic of the sec-

ondary channel. The filtering reference signal

is

(18)

According to the least mean square (LMS) algo-

rithm, the iterative formula for the weight coeffi-

cient wi (n) of the control filter is

(19)

2 Simulation analysis

The performance of the narrow-band control al-

gorithm for frequency estimation was verified by

simulation. The data measured in the single-channel

active vibration isolation experiment were convert-

ed into the coefficients of 600-level and 200-level

transversal FIR filters, which were in turn taken as

the impulse response functions of the primary and

secondary channels. Fig. 4 shows the amplitude

characteristics of those channels.

White noise with an SNR of 20 dB is superim-

posed on a fourth-harmonic signal with respective

frequencies of 30, 37, 60, 110 Hz and the same am-

plitude of 1 to serve as a reference signal. The sam-

pling rate is 10 kHz, and each LMS filter is a 300-

level transversal FIR filter. The iteration step sizes

of both algorithms are adjusted to their optimal val-

ues, and the level N of the cascaded adaptive notch

filters is set to 4. The acceleration response to the

residual signal is adopted as the evaluation criteri-

on, and the signal's amplitude drop before and after

the implementation of the active control is the vibra-

tion isolation effect. Fig. 5-Fig. 9 show the simula-

tion results of the algorithms.

The FXLMS algorithm in Fig. 5 does not con-

verge completely until its 60 000-th iteration. The

residual signal is reduced by 75% in the time do-

main. The vibration line spectra at 30, 37, 60, 110 Hz

undergo respective amplitude attenuation of merely

7.17, 11.95, 0, 8.81 dB in the frequency domain,

which indicates that the control effect is poor. Fig. 6

Fig. 3 Multi-line spectrum feedback control algorithm
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Fig. 4 Transfer function amplitude of the primary and

secondary channels
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Fig. 5 Simulation results of the FXLMS algorithm

Fig. 6 Simulation results of multi-line spectrum feedback control algorithm
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(a) Control effect of FXLMS algorithm in the time domain (b) Control effect of FXLMS algorithm in the frequency domain
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(a) Control effect of the proposed algorithm in the time domain (b) Control effect of the proposed algorithm in the frequency domain

Fig. 7 Frequency estimation diagram of vibration line

spectrum

Fig. 8 Time history curves of the original signal and synthesized

signal before and after phase compensation

Table 1 Vibration attenuation by the two algorithms in
simulation

Fig. 9 Output signals under the proposed algorithm and the

FXLMS algorithm
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shows that the line spectrum feedback control algo-

rithm exhibits a better control effect on multi-fre-

quency signals, as the residual signal completes the

convergence after 20 000 iterations and the ampli-

tude is reduced by more than 90%. In the frequency

domain, the amplitudes of the line spectra at 30, 37,

60, 110 Hz are reduced by 23.45, 30.52, 22.87,

38.08 dB respectively. Table 1 reports the attenua-

tion of each vibration line spectrum.

Fig. 7 demonstrates that the algorithm accom-

plishes accurate identification of frequency informa-

tion after 5 000 iterations and achieves real-time fre-

quency tracking. Fig. 8 shows the time history

curves of the original signal and the synthesized sig-

nal. It can be observed that a phase difference is be-

tween the synthesized signal and the original signal

when the phase is not compensated while the syn-

thesized signal better matches the original signal af-

ter compensation. Fig. 9 shows the controller output

signal in both cases of the proposed algorithm and

the FXLMS algorithm. According to the figure, the

FXLMS algorithm exhibits a poor convergence ef-

fect with widely-distributed eigenvalues of the auto-

correlation matrix of the input signal for multi-fre-

quency excitation. In contrast, the multi-line spec-

trum feedback control algorithm puts signals with

different frequencies into parallel controllers for

processing and enjoys a better control effect accord-

ing to the simulation results.

3 Active vibration isolation experi-
ment

To verify the feasibility of the algorithm, NI PXI

carrying an RT system is employed in this study to

perform an active vibration isolation experiment.

The experimental objects are an electromagnetic vi-

bration exciter and additional counterweights that

are used to simulate small-sized and medium-sized

mechanical equipment. The equipment mainly in-

cludes the NI LabVIEW control system, Copley Xe-

nus servo driver, PCB acceleration sensor, electro-

magnetic vibration exciter, integrated active and

passive vibration isolator, and WYK-20040K con-

stant voltage and current DC power supply. The in-

tegrated active and passive vibration isolator, which

is self-developed, exhibits a linear relationship be-

tween the output force and the input current within

a low-frequency excitation range. The experimental

site and its schematic diagram are shown in Fig. 10.

The experimental bench is divided into upper and

lower layers, with the upper layer being equipped

with an electromagnetic exciter and the lower plate

being fixed on the ground. Column guide rails are

placed at the four corners of the lower plate, and a

slip fit between the upper plate and the column is

achieved through ball bearings. The installation of

the integrated vibration isolator to the upper and

lower plates is fixed by bolts.

The acceleration sensors collect the excitation

signal from the vibration source and the lower layer

error signal (specifically, the signal from the vibra-

tion source is the reference signal for the FXLMS

algorithm, and the lower layer error signal is the re-

sidual vibration). These signals then enter the PXI

8840 adaptive controllers through the PXI 4498 AD

acquisition boards. The output control signals enter

the power amplifiers through the PXI 6733 DA out-

put boards and then drive the integrated active and

passive vibration isolator to generate secondary vi-

bration and thereby suppress primary vibration. The

upper computer is connected to the PXIe-1042Q

chassis by the TCP/IP communication line, and the

algorithm program is configured to the lower com-

puter to control the actuator's output force. PXI-

1062Q controls the operation of the vibration excit-

er and the acquisition of vibration signals for real-

time monitoring and post-processing.

A fourth-harmonic signal with respective frequen-

cies of 30, 37, 60, 110 Hz is produced by the signal

generator to serve as the initial excitation signal. All

control filters have a length of 300 levels, and the it-

eration step size of each algorithm is adjusted to the

optimal value. In particular, the sampling frequency

is set to 10 kHz, which not only satisfies the sam-

pling theorem but also ensures real-time signal

tracking. A Butterworth band-stop filter is designed

in the experiment to filter out the 50 Hz and 100 Hz

power-line interferences in the signals collected by

the AD boards. The acceleration response collected

by the lower layer error signal sensor is employed

as the evaluation criterion, and the signal's ampli-

tude drop before and after the implementation of

the active control is the vibration isolation effect.

Fig. 11 and Fig. 12 demonstrate the respective con-

trol effects in the time domain and frequency do-

main.

The residual vibration signal obtained from

Fig. 11(a) converges within 6 s after the implemen-

tation of the control, with a slow convergence speed

and an amplitude reduction of merely 70%. Fig. 11(b)

reveals amplitude attenuation of 11.28, 5.03, 5.33,

ZHANG Q W, et al. Multi-line spectrum feedback control algorithm for active vibration isolation 6
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Fig. 10 Test site for active vibration isolation experiment and its schematic diagram

Fig. 11 Experimental results of the FXLMS algorithm

29.92 dB for the vibration line spectra at 30, 37, 60,

110 Hz, respectively, in the frequency domain. In

particular, the control effects on the 30 Hz and 110 Hz

line spectra are excellent while those on the 37 Hz

and 60 Hz line spectra are poor. The residual vibra-

tion signal obtained from Fig. 12(a) achieves con-

A
cc

el
er

at
io

n
si

gn
al

g

Number of iterations n Frequency/Hz
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vergence within 2 s after the control is implement-

ed, with a fast convergence speed and an amplitude

reduction of 90%. Fig. 12(b) witnesses amplitude at-

tenuation of 19.91, 25.93, 20.28, 31.39 dB for the

vibration line spectra at 30, 37, 60, 110 Hz, respec-

tively, in the frequency domain, and the control ef-

fects prove to be excellent. The attenuation of each

vibration line spectrum is shown in Table 2. The ef-

fectiveness of the proposed algorithm is verified by

a multi-line spectrum active vibration isolation ex-

periment.

Table 2 Comparison of vibration attenuation by two
algorithms in the experiment

Before
control

After
control

Before
control

After
control

Atternuation by the
FXLMS algorithm/dB

Atternuation by the
feedback algorithm/dBVibration line

spectrum/Hz

4 Conclusions

A multi-line spectrum feedback control algorithm

has been proposed to deal with the problems of

multi-line spectrum vibration and reference signal

mismatch. To start with, the error signal passed

through cascaded adaptive notch filters, and the

notch filter parameters were updated according to

the adaptive algorithm to estimate multiple signal

frequencies. Then, each reference signal was synthe-

sized through phase compensation, and the Hilbert

transform was applied to the signal to obtain anoth-

er reference signal. Finally, the signals entered the

parallel controllers to complete line spectrum con-

trol.

Accurate identification of 30, 37, 60, 110 Hz sig-

nals was implemented through the simulation and

experiment of the proposed algorithm, and reliable

reference signals were synthesized before they en-

tered the algorithm. Moreover, amplitude attenua-

tion of 20-40 dB for each line spectrum was

achieved.

The proposed algorithm solves the problems of

reference signal mismatch and multi-line spectrum

vibration in vibration control, thereby effectively

weakening and suppressing the transmission of low-

frequency vibration energy.
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摘 要：［目的目的］针对振动控制中多频激励的传统自适应滤波算法控制效果不佳，以及工程中传感器不易安装

和通道耦合等原因导致参考信号失配的问题，提出一种反馈式多线谱控制算法。［方法方法］首先，使误差信号通

过级联自适应陷波器，并根据自适应算法更新陷波器参数来估计多个信号频率；然后，合成各参考信号，对相位

进行补偿，通过 Hilbert 变换得到另一路参考信号；最后，进入并行控制器完成幅值更新，实现振动控制。［结果结果］

仿真和试验结果表明，该算法能够精确估计频率信息，合成可靠参考信号，对 30，37，60 和 110 Hz线谱均取得了

20~40 dB 能量衰减。［结论结论］该算法较好地解决了振动控制中参考信号失配和多线谱振动的问题，有效减弱和

抑制了低频振动能量传递。

关键词：多频激励；参考信号失配；主动隔振；振动控制；自适应陷波器；频率估计；Hilbert 变换
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